We give a relation between the existence of a Zariski decomposition and the behavior of the restricted volume of a big divisor on a smooth (complex) projective variety. Moreover, we give an analytic description of the restricted volume in the line of Boucksom's work. It enables us to define the restricted volume of a transcendental class on a compact Kähler manifold in a natural way. The relation can be extended to a transcendental class.
1. Introduction. Throughout this paper, X denotes a smooth projective variety of dimension n, D a (big) divisor on X and V an irreducible subvariety of dimension d on X, unless otherwise mentioned. Then the restricted volume of D along V is defined to be vol X|V (D) := lim sup
Here we denote by H 0 (X|V, O X (kD)) ⊆ H 0 (V, O V (kD)) the space of global sections of O V (kD) on V that can be extended to X. Roughly speaking, the restricted volume measures the number of sections of O V (kD) which can be extended to X. The notion of the restricted volume first appeared in [Tsu06] . The restricted volume has many applications in various situations (see [HM06, Ta06] ). The properties of the restricted volume are studied in [ELMNP09, BFJ09] and so on. On the other hand, it is an important problem to determine when D admits a Zariski decomposition. Here a decomposition D = P + N is said to be a Zariski decomposition, if P is a nef R-divisor and N is an effective R-divisor such that the following map is an isomorphism for any positive integer k > 0:
This map is the natural map induced by the section e k , where e k is the standard section of the effective divisor kN . Here G (resp. G ) denotes the divisor defined by the round-downs (resp. the round-ups) of the coefficients of an R-divisor G.
When D is an ample divisor, the restricted volume vol X|V (D) of D along V is equal to the self-intersection number (D d · V ) of D on V . Therefore the restricted volume vol X|V (D) along V depends only on the first Chern class (the numerical class) of D when D is ample. In general, the restricted volume has the same property if V is not contained in the augmented base locus B + (D) of D (see [ELMNP09, Theorem A] ). The augmented base locus of D is a subvariety on X which measures how far D is from ample divisors (see [ELMNP06,  Section 1] for the precise definition and the properties).
It is natural to ask whether the restricted volume vol X|V (D) of D depends only on the numerical class of V . In [BFJ09] , the question is affirmatively answered when the codimension of V is one. In this paper, we give a necessary and sufficient condition for D, that the restricted volume vol X|V (D) of D depends only on the numerical class of V . The condition is related to the existence of a Zariski decomposition of D as follows: THEOREM 1.1. Let D be a big divisor on a smooth projective variety X. Then the following conditions are equivalent.
(1) D admits a Zariski decomposition.
(2) vol X|V (D) = vol X|V (D) holds for any pair of subvarieties V and V on X such that V ≡ V and V, V ⊆ B + (D).
(3) vol X|C (D) = vol X|C (D) holds for any pair of curves C and C on X such that C ≡ C and C, C ⊆ B + (D).
Remark 1.2. It is sufficient for the proof of Theorem 1.1 to show that condition (1) (resp. (3)) implies condition (2) (resp. (1)) since condition (2) clearly leads to condition (3).
When subvarieties V and V are numerically equivalent, we write V ≡ V . Condition (2) means that the restricted volume vol X|V (D) of D depends only on the numerical class of V . Theorem 1.1 implies that the restricted volumes along some numerically equivalent subvarieties are different when D does not admit a Zariski decomposition.
When V is the ambient space X, the restricted volume of D is equal to the usual volume vol X (D) of D. The usual volume has been studied by several authors. The general theory is presented in details in [La04a, La04b] . In his paper [Bou02] , Boucksom gave an analytic description of the usual volume with positive curvature currents which represent the first Chern class of D, by using a result of Fujita on the approximation of Zariski decompositions and the singular holomorphic Morse inequalities. In other words, Boucksom expressed the usual volume of D in terms of the first Chern class of D.
The restricted volume vol X|V (D) along V depends only on the first Chern class c 1 (D) of D if V is not contained in the augmented base locus B + (D) of D. Then Boucksom's description for the usual volume can be generalized to the restricted volume as follows: THEOREM 1.3. Let D be a big divisor on a smooth projective variety X. Assume that V is not contained in the augmented base locus B + (D) of D. Then the restricted volume of D along V satisfies the following equality:
where T ranges among positive (1, 1)-currents with analytic singularities in c 1 (D) whose singular loci do not contain V .
Here we denote by T | V reg the restriction of T to the regular locus V reg of V and by (T | V reg ) ac the absolutely continuous part of T | V reg (see subsection 2.4 for the precise definition). Theorem 1.3 enables us to define the restricted volume of a transcendental class on a compact Kähler manifold in a natural way. 
where T ranges among positive (1, 1)-currents with analytic singularities in α whose singular loci do not contain W .
Here the non-Kähler locus is an analytic counterpart of the augmented base locus (see [Bou04, Definition 3.14] for the precise definition of the non-Kähler locus). When α is the first Chern class of some divisor D, the non-Kähler locus E nK (α) coincides with the augmented base locus B + (D). For this extended definition, the properties of the usual restricted volume hold. For example, the continuity, log concavity, Fujita's approximations and so on (see Section 4.2). Moreover, an analogue of Theorem 1.1 holds for the extended definition as follows. The proof gives another proof of Theorem 1.1 by using analytic methods (see Section 4.3). THEOREM 1.5. Let α be a big class in H 1,1 (X, R) on a smooth projective variety X. Then the following conditions are equivalent.
(1) α admits a Zariski decomposition.
(2) vol X|V (α) = vol X|V (α) holds for any pair of subvarieties V and V on X such that V ≡ V and V, V ⊆ E nK (α).
(3) vol X|C (α) = vol X|C (α) holds for any pair of curves C and C on X such that C ≡ C and C, C ⊆ E nK (α).
Here we say that a big class admits a Zariski decomposition if the positive part of its divisorial Zariski decomposition is nef (see subsection 2.7). When α is the first Chern class of some divisor D (that is, α is contained in the Néron-Severi space), a Zariski decomposition of α coincides with that of D. However, a class α is not necessarily contained in the Néron-Severi space of X even if X is projective. Therefore Theorem 1.5 is essentially stronger statement than Theorem 1.1.
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Preliminaries.
In this section, we prepare for the proofs. The propositions in this section may be known facts. However we give comments or references for the readers' convenience. Throughout this section, M denotes a compact Kähler manifold of dimension n.
Currents.
Since M is a Kähler manifold, H p,p (M, C) is identified with the quotient of the space of d-closed (p, p)-currents modulo the dd c -exact currents. For our purpose, the case of p = 1 is important. We say that a function ϕ is a potential function of a (1, 1)-current T if T = dd c ϕ. Notice that a (local) potential function is uniquely determined modulo the pluriharmonic functions. If T is d-closed, we can locally take a potential function of T . A d-closed (1, 1)current is said to have analytic (resp. algebraic) singularities (along the subscheme V (I) defined by an ideal sheaf I), if its potential function ϕ can be locally written as
.. ,f k are local generators of I and v is a smooth function. Then V (I) is called the singular locus of the current.
2.2.
The pull-backs of (1, 1)-currents. Let us confirm the definition of the pull-back of a d-closed (1, 1)-current by a holomorphic map. Let T be a dclosed (1, 1)-current on M and let f : Z → M a holomorphic map from a complex manifold Z to M . Assume that the image of Z by f is not contained in the polar set of a potential function of T . Then we can define the pull-back of T by f as follows: Since T is d-closed, we can locally take a potential function ϕ of T . Then the pullback of T is (locally) defined to be f * T := dd c f * ϕ. It determines a global d-closed (1, 1)-current on Z since dd c f * ϕ does not depend on the choice of a local potential function ϕ. In particular, we can restrict a d-closed (1, 1)-current to a submanifold if the submanifold is not contained in the polar set of its potential function. Notice that the pull-back f * T is also positive if T is positive.
Multiplier ideal sheaves and Skoda's lemma.
In this paper, we often use the description of the restricted volume with the multiplier ideal sheaf which was proved in [ELMNP09] . We denote by I(T ) the multiplier ideal sheaf associated to a d-closed (1, 1)-current T . That is, I(T ) is the sheaf of germs of holomorphic functions f such that |f | 2 e −2ϕ is locally integrable, where ϕ is a local potential function of T . (Note that this definition does not depend on the choice of a local potential function.) See [DEL00] , [Dem] for more details. Skoda (a) If ν(T, x) < 1, then e −2ϕ is integrable in a neighborhood of x. In other words, the stalk
Lebesgue decompositions.
A positive current T can be locally regarded as a (1, 1)-form with measure coefficients. Thus it admits the Lebesgue decomposition into the absolutely continuous part and the singular part with respect to the Lebesgue measure. Therefore we obtain the decomposition T = T ac + T sing , where T ac (resp. T sing ) is the absolutely continuous part (resp. the singular part) of T . This decomposition is globally determined thanks to the uniqueness of the Lebesgue decomposition. Now T ac is considered as a (1, 1)-form with L 1 locfunction coefficients. Thus we can define the product T k ac of T ac almost everywhere. We have T ac ≥ γ if T ≥ γ for some smooth (1, 1)-form γ. In particular, the absolutely continuous part T ac is positive if T is a positive (1, 1)-current (see [Bou02, Section 2.3] for more details).
Approximations of currents.
Let T = θ + dd c ϕ be a (1, 1)-current in a class α ∈ H 1,1 (M, R), where θ is a smooth (1, 1)-form in α and ϕ is an L 1function on M . We assume that T ≥ γ holds for a smooth form γ. Fix a Kähler form ω on M . Then we can approximate T by smooth forms in the following sense: THEOREM 2.2. [Dem82, Théorème 9.1] There exists a decreasing sequence of smooth functions ϕ k converging to ϕ such that if we set T k = θ + dd c ϕ k ∈ α, we have:
(a) T k → T weakly and T k → T ac almost everywhere on M .
Roughly speaking, Theorem 2.2 says that it is possible to smooth a given current T insides the class α, but only with the loss of positivity controlled by the Lelong numbers of T . By the proof of Theorem 2.2 in [Dem82] , we may add the following property to Theorem 2.2. (Recall that T k is obtained from T by convolution with a regularized kernel.)
The following theorem asserts that it is possible to approximate a given current with currents with analytic singularities. There is a loss of positivity but it is arbitrary small. 
In the proof of [Bou02, Theorem 2.4], the convergence T k,ac → T ac in (a ) was obtained from only property (a) in Theorem 2.2. Therefore we may add the following property (d ) thanks to property (c).
It yields the following corollary. COROLLARY 2.4. Let W be an irreducible analytic subset on M . Assume that T | W reg is smooth except some analytic set on W reg . Then T k in Theorem 2.3 satisfies the following property:
Asymptotic invariants of base loci.
In this subsection, we collect the definitions and properties of the augmented base locus and the restricted base locus of a divisor. See Definitions 1.2 and 1.12 in [ELMNP09] for more details.
Definition 2.5. Let L be an R-divisor on X.
(1) When L is a Q-divisor, the stable base locus B(L) of L is defined by
where k runs through all positive integers such that kL is a Z-divisor.
(2) The augmented base locus B + (L) of L is defined by
where the intersection is taken over all decomposition L ≡ A + E, A and E are R-divisors such that A is ample and E is effective.
(
where the union is taken over all ample R-divisors A such that L + A is a Q-divisor.
Let us recall the definitions of the non-Kähler locus and the non-nef locus of a class α ∈ H 1,1 (M, R) (see Definitions 3.3 and 3.17 in [Bou04] ).
Definition 2.6. (1) Assume α is a big class (that is, it possesses a Kähler current). Then the non-Kähler locus E nK (α) of α is defined to be
where T ranges among the Kähler currents in α.
(2) Assume α is a pseudo-effective class (that is, it possesses a positive current). Then the non-nef locus E nn (α) of α is defined to be
Here ν(α, x) is sup ε>0 ν(T min,ε ,x), where T min,ε is a current with minimal singularities in α + ε{ω} and {ω} is the class of a Kähler form ω on M .
In this paper, we need the following properties of these base loci. We state the properties of the non-Kähler (non-nef) locus without the proofs (but we give the references). Note that the non-Kähler (resp. non-nef) locus of α coincides with the augmented (resp. restricted) base locus of L when α is the first Chern class of some divisor L. Thus, the augmented (restricted) base locus also satisfies the following properties.
(2) [Bou04, Theorem 3.17] If α is big, there is a Kähler current S in α with analytic singularities such that E + (S) = E nK (α).
where T min is a current with minimal singularities in α.
Precisely speaking, property (1) was proved only for the augmented base locus in [ELMNP09, Section 5]. However, we shall give the proof for the non-Kähler locus in the proof of Proposition 4.10.
Divisorial Zariski decompositions.
In this section, we confirm the definition of the divisorial Zariski decomposition of a class. The divisorial Zariski decomposition of a big divisor coincides with its σ-decomposition. The divisorial Zariski decomposition is studied in [Bou04] and the σ-decomposition is studied in [Nak] .
Let α be a pseudo-effective class in H 1,1 (M, R). Then the effective R-divisor N is defined to be
Here ν(α, F ) denotes the Lelong number along a prime divisor F which is defined by inf x∈F ν(α, x). The class {N } of N is called the negative part of the divisorial Zariski decomposition of α. The class P defined by P := α − {N } is called the positive part. Then the decomposition α = P + {N } is said to be the divisorial Zariski decomposition of α. In general, the positive part P is nef in codimension one (that is, the codimension of its non-nef locus is strictly larger than one). We say that α admits a Zariski decomposition if the positive part P is nef. If α is the first Chern class of a big divisor, this definition coincides with that of the divisor (which was described in Section 1). For example, if M is surface, any big class admits a Zariski decomposition (see [Bou04, section 4]). By the construction of N , positive currents in α and positive currents in P are identified by the correspondence
Restricted volumes and Zariski decompositions.
3.1. The positive part and restricted volumes. The main aim in this section is to prove Theorem 1.1. Throughout this section, let D be a big divisor on a smooth projective variety X of dimension n. Then we consider the divisorial Zariski decomposition D = P + N of D. We first establish Proposition 3.1 for the proof of Theorem 1.1. This proposition asserts that the restricted volume of D can be computed with the positive part P . PROPOSITION 3.1. Let W be an irreducible subvariety of dimension d on X. Assume that W is not contained in the augmented base locus B + (D) of D. Then the equality vol X|W (D) = vol X|W (P ) holds.
Remark 3.2. In general, P is an R-divisor. Then vol X|W (P ) can be defined by the limit of the restricted volumes of Q-divisors which converge to P in the Néron-Severi space. Thanks to the continuity of the restricted volume (see [ELMNP09, Theorem 5.2]), vol X|W (P ) does not depend on the choice of Q-divisors which converge to P .
Proof. Since D is a big divisor, there is an effective Q-divisor which is Qlinearly equivalent to D. Therefore we may assume that D is effective. (Recall that the restricted volume has the homogeneity.) Moreover we may assume that the support of D does not contain W , since W is not contained in B + (D). In particular, W is not contained in the support of N nor in that of P .
Since
) induced by the section e k for a positive integer k > 0, where e k is the standard section of the effective divisor kN (see [Bou04, Theorem 5 .5] or [Nak] ). Then we consider the following commutative diagram:
where f and g are the restriction maps. The diagram induces the map Im(f )
. This map is surjective since the horizontal map above in the diagram is an isomorphism. Now e k | W is a nonzero section since W is not contained in the support of N . It implies that the map below in the diagram is injective. Thus, the map
When P is a Q-divisor, Proposition 3.1 follows from this equality and the homogeneity of the restricted volume. However, we need the following argument when P is an R-divisor.
Let P = i a i D i be the irreducible decomposition of P . Note that a i is positive for any i since P is effective. We want to approximate the R-divisor P with suitable Q-divisors. For this purpose, we define a Q-divisor P by P := −1 P . Then, from the definition of the round-down, we obtain P ≤ P ≤ P + F for any positive integer , where F is the effective divisor defined by F := i D i . These inequalities imply that P converges to P in the Néron-Severi space. For a sufficiently large , B + (P ) does not contain W (see Proposition 2.7(1)). Therefore we have vol X|W (P ) = lim →∞ vol X|W (P ) from the continuity of the restricted volume. Now we prove the inequality vol X|W (D) ≥ vol X|W (P ) for any in order to show the inequality vol X|W (D) ≥ vol X|W (P ). By the homogeneity of the restricted volume and equality (3.1), we obtain the following equalities:
Note that kP − k P is an effective divisor and its support is contained in the support of D. Since W is not contained in the support of D, we have
It implies the inequality vol X|W (D) ≥ vol X|W (P ) for any . Therefore we obtain vol X|W (D) ≥ vol X|W (P ).
Finally we show the converse inequality vol X|W (D) ≤ vol X|W (P ). For this purpose, we shall estimate kP − k P from above. By a simple computation, we obtain
Since the support of F does not contain W , the inequality above yields
Now we have vol X|W ( P + F ) −d = vol X|W (P + −1 F ) from the homogeneity of the restricted volume. Further, P + −1 F converges to P in the Néron-Severi space when tends to infinity. The continuity of the restricted volume implies that vol X|W ( P + F ) −d converges to vol X|W (P ). Hence we obtain the converse inequality vol X|W (D) ≤ vol X|W (P ).
COROLLARY 3.3. Let W be an irreducible subvariety of dimension d on X Assume that W is not contained in B + (D). If D admits a Zariski decomposition (that is, the positive part P of its divisorial Zariski decomposition is nef), then the equality vol X|W (D) = (W · P d ) holds.
Proof. By Proposition 3.1, we have vol X|W (D) = vol X|W (P ). Since P is nef, there exist ample Q-divisors A k which converge to P in the Néron-Severi space. Since A k is ample, the restricted volume vol X|W (A k ) of A k along W is equal to the self-intersection number (W · A d k ) on W . By the continuity of the restricted volume and the self-intersection number, we obtain
3.2. Proof of Theorem 1.1. This subsection is devoted to complete the proof of Theorem 1.1. First, we shall see that condition (1) implies condition (2). We assume that D admits a Zariski decomposition D = P + N (that is, the positive part P of its divisorial Zariski decomposition is nef). Take subvarieties V and V on X such that V ≡ V and V, V ⊆ B + (D). Then the restricted volumes of D can be computed by the self-intersection number of the positive part P from Corollary 3.3. That is, vol X|V (D) = (V · P d ) and vol X|V (D) = (V · P d ) hold. Since V and V are numerically equivalent, (V · P d ) coincides with (V · P d ). Hence the equality vol X|V (D) = vol X|V (D) holds.
We shall show that condition (3) implies condition (1). Let D = P + N be a divisorial Zariski decomposition of a big divisor D. We assume that P is not nef for a contradiction. Since P is not nef, the restricted base locus B − (P ) of P is not empty. From this condition, we want to construct curves C, C such that the restricted volume vol X|C (P ) along C is different from the restricted volume vol X|C (P ) along C .
For a construction of such curves, we take a very ample divisor A on X and a point x 0 in B − (P ). Then there are smooth curves C and C with the following properties:
(1) C and C are not contained in the augmented base locus B + (D).
(2) C passes through x 0 ∈ B − (P ).
(3) C does not intersect with the restricted base locus B − (P ).
(4) C and C are complete intersections of members of the complete linear system of A.
We can easily see that such curves exist: A general member of |A| x 0 is irreducible and smooth, where |A| x 0 is the linear system passing through x 0 in the complete linear system |A| of A (see [Zha09, Theorem 2.5]). Then by taking a complete intersection of general members of |A| x 0 , we can take a curve C with properties (1), (2), and (4). Now we construct a curve C with properties (1), (3), and (4). By the construction of the divisorial Zariski decomposition, the restricted base locus B − (P ) of the positive part P is the countable union of subvarieties of codimension ≥ 2. Thus the codimension of the intersection of B − (P ) and H is greater than or equal to 3 for a "very" general member H of |A|. It implies that a curve which is a complete intersection of very general members of |A| does not intersect with B − (P ).
Now C and C are numerically equivalent since C and C are complete intersections of members of the same complete linear system. Thus, it follows the equality vol X|C (D) = vol X|C (D) from condition (3) in Theorem 1.1. By Proposition 3.1, we have the equality vol X|C (P ) = vol X|C (P ). It is sufficient for a contradiction to prove the following lemma. In fact, (C · P ) is equal to (C · P ) since C and C are numerically equivalent. Therefore the following lemma implies vol X|C (D) < vol X|C (D). It is a contradiction.
LEMMA 3.4. In the situation above, the following hold. (A) vol X|C (P ) = (C · P ), (B) vol X|C (P ) < (C · P ).
Proof. First we show equality (A). In general, P is an R-divisor. Thus we should approximate P with Q-divisors. We take ample R-divisors A k with the following properties:
(i) P + A k is a Q-divisor for a positive integer k > 0.
(ii) P + A k converges to P in the Néron-Severi space.
Since A k is ample, B + (P + A k ) ⊆ B + (P ) for any k. Thus, it follows that C is not contained in B + (P + A k ) from property (1). We take a positive integer a k such that a k (P + A k ) is a Z-divisor. Then the homogeneity and the description of the restricted volume with the asymptotic multiplier ideal sheaf (which was proved in [ELMNP09, Theorem 2.13]) yields
Here J ( L ) denotes the asymptotic multiplier ideal sheaf associated to a divisor L (see [DEL00] for the definition). Further I| V denotes the ideal I · O V for a ideal I and a subvariety V on X.
We shall investigate the asymptotic multiplier ideal sheaf J ( a k (P + A k ) ) along C . Let T min,k be a current with minimal singularities in the first Chern class of a k (P + A k ). Then the restricted base locus of a k (P + A k ) is equals to the set {x ∈ X | ν(T min,k ,x) > 0} by Proposition 2.7(3). On the other hand, the restricted base locus of P + A k is contained in the restricted base locus of P , since A k is an ample divisor. Further, C does not intersect with the restricted base locus of P from property (3). Therefore the Lelong number of T min,k at x ∈ C is zero. Thus we have J ( T min,k )| C = O C for every > 0 by Skoda's Lemma. Thus, from Theorem 4.3 (which is proved in Section 4.1), we have
Since C is not contained in B + (P ), (P + A k ) is an ample divisor on C . By the Riemann-Roch formula, we obtain vol X|C (P + A k ) = ((P + A k ) · C ). It follows vol X|C (P ) = (P · C ) from the continuity of the restricted volume.
Finally we show inequality (B). Consider the following commutative diagram:
The vertical map on the left hand is an isomorphism (see [DEL00, Theorem 1.8]). Thus the vertical map on the right hand is surjective onto the image of the horizontal map. It yields lim sup
We have already proved that the left hand is equals to vol X|C (P ) in the proof of Proposition 3.1. For the proof of inequality (B), we need to estimate the right hand from above. For this purpose, we shall investigate the asymptotic multiplier ideal sheaf J ( kP ) along C. Take a positive current S k in the first Chern class of kP such that J (S k ) = J ( kP ). Let P = a i D i be an irreducible decomposition of P and let F the divisor which is defined by F := i D i . Then kP − kP ≤ F for any positive integer k. Thus we obtain
by the definition of a current with minimal singularities. Here [F ] denotes the positive current defined by the effective divisor F and T min denotes a current with minimal singular in c 1 (P ). Since ν(T min ,x 0 ) is positive by property (2), we can take a positive rational number p/q which is smaller than ν(T min ,x 0 ). For simplicity, we put c := ν([F ],x 0 ). Then we have kp − c < ν(S kq ,x 0 ). Skoda's Lemma
is nef on C. Thus the dimension of its first cohomology group converges to zero when k tends to infinity . By using the Riemann-Roch formula again, we obtain vol X|C (P ) ≤ lim sup
In the proof of Lemma 3.4, we have already proved the following corollary.
COROLLARY 3.5. Let C be a smooth curve on X. Assume that C is not contained in B + (D). Then we have Proof. In [Bou02, Lemma 2.11], it has been proved that W S d ac is finite for a positive d-closed current S on W when W is non-singular. Since T is a positive d-closed current on M , the restriction T | W reg is also a positive d-closed current. Thus, Proposition 4.1 holds when W is non-singular. It is enough to consider the case when W has singularities. Then we take an embedded resolution μ : 
The analytic description of the restricted volume with
Proof. The map W μ −→ W is a modification. Therefore (μ * T )| W is identified with T | W reg by μ on some Zariski open set. Now ((μ * T )| W ) ac and (T | W reg ) ac are (1, 1)-forms with L 1 -functions as coefficients. Since a Zariski closed set is of measure zero with respect to the Lebesgue measure, we obtain
The rest of this subsection is devoted to prove Theorem 1.3.
Proof of Theorem 1.3.
Step 1. In this step, we prove the inequality ≥ in Theorem 1.3 by using the singular holomorphic Morse inequalities (see [Bon93] ) and Proposition 4.3. Proposition 4.3 is proved at the end of this subsection. Let T be a positive d-closed (1, 1)current with analytic singularities in the first Chern class c 1 (D) whose singular locus does not contain V .
First, we consider the case when V is non-singular. Then we obtain the following inequality:
Here T min denotes a current with minimal singularities in c 1 (D). The first equality follows from Proposition 4.3 and the second inequality follows from the restriction formula (see [DEL00, Corollary 1.3] for the restriction formula). By using the singular holomorphic Morse inequality, we have
Therefore the inequality ≥ in Theorem 1.3 holds when V is non-singular. Now we consider the case when V has singularities. Then we take an embedded resolution μ : V ⊆ X −→ V ⊆ X. The augmented base locus of the pull back μ * D of D does not contain V , since μ : V −→ V is a modification. By applying the singular holomorphic Morse inequality and restriction formula to μ * D, V and μ * T again, we obtain
On the other hand, we have vol X|V (D) = vol X| V (μ * D) from [ELMNP09, Lemma 6.7]. Thus the inequality ≥ in Theorem 1.3 holds even if V has singularities.
Step 2. In this step, we shall show the converse inequality ≤ by applying Fujita's approximation theorem for the restricted volume (which is proved in [ELMNP09, Proposition 2.11]). By applying [ELMNP09, Proposition 2.11], for an arbitrary number ε > 0, we can find a modification π ε : X ε −→ X and the expression π ε
Here A ε is an ample Q-divisor and E ε is an effective Q-divisor whose support does not contain the strict transformation V ε of V .
Let ω ε be a Kähler form on X ε in the first Chern class of A ε . Since the support of E ε does not contain V ε , we may restrict [E ε ] to V ε , where [E ε ] denotes the current defined by the effective divisor E ε . Then we obtain
The third equality follows from the same argument as the proof of Lemma 4.2.
Since π ε is a modification, its push-forward π ε * (ω ε + [E ε ]) is a positive current in the Chern class c 1 (D). However the push-forward may not have analytic singularities. For the proof, we need to approximate the push-forward by positive currents with analytic singularities. When we approximate a given current by Theorem 2.3, the approximation sequence may lose positivity. Now (ω ε + [E ε ]) is a Kähler current but the push-forward may not be a Kähler current. For that reason, we need to consider a Kähler current before we apply Theorem 2.3.
For simplicity, we put T ε := π ε * (ω ε + [E ε ]). Since V is not contained in the augmented base locus B + (D), there is a Kähler current S in c 1 (D) with analytic singularities whose singular locus does not contain V . By Fatou's Lemma, we obtain
Hence there exists a sufficiently small number δ 0 > 0 with the following inequality:
Note that (1 − δ 0 )T ε + δ 0 S is a Kähler current in c 1 (D). By applying the approximation theorem (Theorem 2.3 and Corollary 2.4) to (1 − δ 0 )T ε + δ 0 S, we can find positive currents U k in c 1 (D) with the following properties.
(1) U k has analytic singularities for every integer k.
(3) U k is a positive current for a sufficiently large k.
Fatou's Lemma and Property (2) imply
Therefore we have
for a sufficiently large k 0 . Now ε is an arbitrary positive number and U k 0 is a positive current with analytic singularities in the Chern class c 1 (D). It completes the proof of Theorem 1.3.
At the end of this subsection, we prove the following proposition, which is a variation of [ELMNP09, Theorem 2.13]. PROPOSITION 4.3. Let V be an irreducible subvariety of dimension d on X. Assume that V is not contained in B + (D). Then the following equality holds:
where T min is a current with minimal singularities in c 1 (D).
Proof. By [ELMNP09, Theorem 2.13], we know vol X|V (D) = lim sup
In order to prove Proposition 4.3, we should compare the multiplier ideal sheaf I(kT min ) with the asymptotic multiplier ideal sheaf J ( kD ). By the definition of a current with minimal singularities, we have J ( kD ) ⊆ I(kT min ) for all positive integer k. Hence it is sufficient to prove the inequality ≥ in Proposition 4.3. For this purpose, we establish the following lemma.
LEMMA 4.4. Let D be a big divisor on a smooth projective variety X. There is an effective divisor E (independent of k) with the following properties:
(i) The support of E does not contain V.
(ii) I(kT min ) · O X (−E) ⊆ J ( kD ) for a sufficiently large k.
Proof. This proof is essentially based on the argument in [DEL00, Theorem 1.11]. Fix a very ample divisor A on X. For an arbitrary point x ∈ X, there exists a zero-dimensional complete intersection P x of the complete linear system |A| containing x. The Ohsawa-Takegoshi-Manivel L 2 -extension theorem asserts that, there exists an ample divisor B (which depends only on A) such that for any divisor F and a singular hermitian metric h on F with the positive curvature current T h , the following restriction map is surjective (see [OT87, Man93] ):
Moreover, the Ohsawa-Takegoshi-Manivel L 2 -extension theorem claims that, for a section on P x , the extended section satisfies an L 2 -estimate with a constant which is independent of F . Further the L 2 -estimate depends only on A.
Since D is big and V is not contained in the augmented base locus of D, we can take E ∈ |k 0 D − B| with property (i) by choosing a sufficiently large k 0 . We apply the Ohsawa-Takegoshi-Manivel L 2 -extension theorem to F k := (k − k 0 )D + E equipped with a singular hermitian metric h ⊗k−k 0 min ⊗ h E . Here h min denotes a singular hermitian metric with minimal singularities and h E denotes a singular hermitian metric defined by the standard section of the effective divisor E. Then for a sufficiently large k and a given point x ∈ X, we obtain the global section s x of F k + B ∼ kD with the following estimates:
where C is a constant depending only A and h B is a smooth hermitian metric on B with the positive curvature. Here ω is a Kähler form on X. From the second equality, we obtain
where ϕ min , ϕ E , ϕ B is the weight of the hermitian metric h min , h E , h B respectively. Since ϕ B is a smooth function and X is compact, there is a constant C such that
The evaluation map H 0 (X, O X (kD)) → C is a bounded operator on the Hilbert space H 0 (X, O X (kD)) with the L 2 -norm. Moreover the operation norm is equal to the Bergman kernel
is an orthonormal basis of H 0 (X, O X (kD)). Therefore there is a constant C such that
These inequalities imply that the function 1 k−k 0 log j |f j | has less singularities than ϕ min + 1 k−k 0 ϕ E . By the definition of the asymptotic multiplier ideal sheaf, we obtain property (ii).
We shall complete the proof of Proposition 4.3 by using Lemma 4.4. From property (i) in the previous lemma, we may consider the following short exact sequence:
Hence we obtain lim sup
On the other hand, E satisfies property (ii) in Lemma 4.4. It implies lim sup
These inequalities assert lim sup
4.2.
Properties of the restricted volume. Theorem 1.3 enables us to define the restricted volume for a big class on a compact Kähler manifold (see Definition 1.4). In this subsection, we study the properties of the restricted volume of a class on a compact Kähler manifold. Throughout this subsection, we denote by M a compact Kähler manifold and by W an irreducible analytic subset on M of dimension d and by α a big class in H 1,1 (M, R). PROPOSITION 4.5. Assume that α is a nef class and W is not contained in the non-Kähler locus E nK (α) of α. Then the restricted volume vol M|W (α) is equal to the self-intersection number (α d · W ) on W .
Proof. When W is non-singular, this proposition is proved by using the same argument as [Bou02, Theorem 4.1]. By using Lemma 4.2, we can give the proof even if W has singularities.
The following proposition is the generalization of Proposition 3.1 to a class on a compact Kähler manifold. The proof gives another proof of Proposition 3.1 without the approximation of the positive part P by Q-divisors. Conversely we take a point x ∈ E nK (P ). Then there is a Kähler current S in P such that S is smooth at x. We may assume that S ≥ ω. We shall show that x is not contained in the support of N . To prove this, we consider the surjective map:
We regard the space of smooth real d-closed (1, 1)-forms as the topological space with the Fréchet topology. For a smooth (n − 1,n − 1)-form γ, the integral M θ k ∧ γ tends to M θ ∧ γ if θ k converges to θ in the Frécht topology. Hence it follows that the above map θ → {θ} is continuous from the duality theorem. Thus the map is an open map from the open mapping theorem .
Since the map is an open map, for a positive number ε, there is a sufficiently small δ > 0 such that δc 1 (N ) contains a smooth form η with −εω ≤ η ≤ εω. Since Finally, we prove vol M|W (α) = vol M|W (P ). Note that we can define the restricted volume of P thanks to the claim above. Since the support of the current [N ]| W reg is contained in N ∩ W , the absolutely continuous part of [N ]| W reg is zero. It implies that [N ]| W reg does not affect the integration on W . Therefore it follows Proposition 4.6 from the correspondence between positive currents in α and in P .
The following theorem says that Fujita's approximation theorem for the restricted volume of a class holds. It leads to the continuity of the restricted volume.
THEOREM 4.8. The restricted volume of a class α along W can be approximated by self-intersection numbers of semi-positive classes. That is, the following equality holds:
where the supremum is taken over all resolutions π : M → M of positive currents T ∈ α with analytic singularities such that π is an isomorphism at a generic point of W and W ⊆ Supp(E). (Here W denotes the strict transformation of W .)
Proof. Let T be a positive current with analytic singularities in the class α whose singular locus does not contain W . Then we take a modification μ such that μ * T = B + [E] and μ is an isomorphism at a generic point on W . Lemma 4.2 yields
Therefore we obtain vol M|W (α) = sup π * T =B+[E] ({B} d · W ) from the definition of the restricted volume of α along W .
In order to show the continuity of the restricted volume, we consider the "domain" of the restricted volume for a given analytic subset W on M . Further, we prove the convexity of the domain and log concavity of the restricted volume. (2) For β 1 ,β 2 ∈ Big W (M ), we have (2) In his paper [Bou02] , Boucksom showed the log concavity for the volume of a transcendental class. Hence it follows the log concavity of the restricted volumes of nef classes from Proposition 4.5. By using Proposition 4.8, we can conclude that the restricted volume has the log concavity on Big W (M ).
COROLLARY 4.11. The following map is continuous.
Proof. It is a known fact that a concave function on an open convex set in R N is continuous. Therefore Corollary 4.11 follows from Proposition 4.10.
Proof of Theorem 1.5.
In this section, we prove Theorem 1.5 by using the analytic description of the restricted volume with currents. It gives another proof of Theorem 1.1. Let α ∈ H 1,1 (X, R) be a big class on a smooth projective variety X and α = P + {N } the divisorial Zariski decomposition. We have E nK (α) = E nK (P ) by Lemma 4.7. Hence we can consider the restricted volume of P along V .
The strategy of the proof is essentially same as Theorem 1.1. From Proposition 4.6, we have vol X|V (α) = vol X|V (P ) for an irreducible subvariety V on X such that V ⊆ E nK (α). Moreover, Proposition 4.5 says that vol X|V (P ) = (V ·P d ) holds if P is nef. Hence when α admits a Zariski decomposition, the restricted volumes along any cohomologus subvarieties coincide.
Let us show that condition (3) implies condition (1). We assume the non-nef locus E nn (P ) is not empty for a contradiction and fix a very ample divisor A on X. Then there are smooth curves C and C with the following properties:
(1) C does not intersect with the non-nef locus E nn (P ).
(2) C and C are not contained in the non-Kähler locus E nK (α).
(3) C intersects with the non-nef locus E nn (P ) at x 0 ∈ X.
(4) C and C are complete intersections of members of the complete linear system of A. Then we prove the following lemma for a contradiction. Here T runs through positive currents with analytic singularities in the class P whose singular loci do not contain C. Now T | C is also a positive current with analytic singularities. In general, the Siu decomposition coincides with the Lebesgue decomposition for a d-closed positive current with analytic singularities. Therefore we have (T | C ) ac = T | C − x∈C ν(T | C ,x) [x] . On the other hand, we have C T | C = (C · P ).
In fact, we can easily see
where ϕ is an L 1 -function on X such that T = θ + dd c ϕ. Here θ denotes a smooth (1, 1)-form in P . By applying the approximation theorem (Theorem 2.2) to ϕ| C , we obtain smooth functions ϕ k on C such that dd c ϕ k weakly converges to dd c ϕ| C . Thus C dd c ϕ k tends to C dd c ϕ| C . On the other hand, C dd c ϕ k is equal to zero for every k from Stokes's theorem. (Note that dd c ϕ k is smooth.)
Hence we obtain vol X|C (α) = sup T ∈c 1 (P )
In general, the Lelong number of the restriction of a current is more than or equal to the Lelong number of the current. Further, ν(T min ,x) ≤ ν(T, x) holds from the definition of a current with minimal singularities. Therefore we obtain vol X|C (α) ≤ (C · P ) − x∈C ν(T min ,x).
The curve C intersects with the non-nef locus E nn (P ) at x 0 from property (3). Hence ν(T min ,x 0 ) is positive. It implies vol X|C (α) ≤ (C · P ) − ν(T min ,x 0 ) < (C · P ). Here T min is a current with minimal singularities in P . Therefore inequality (B) holds.
Finally we shall prove equality (A). By the first half argument, we have vol X|C (α) ≤ (C · P ). To prove the converse inequality, we take a Kähler current S with analytic singularities in α. We may assume S ≥ ω, where ω is a Kähler form on X. By applying the approximation theorem (Theorem 2.3) to a current T min with minimal singularities in P , we obtain positive currents T k with analytic singularities with the following properties. for every δ. When δ tends to zero, we obtain vol X|C (α) ≥ (C · P ). GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF TOKYO, 3-8-1 KOMABA, TOKYO, 153-8914, JAPAN E-mail: shinichi@ms.u-tokyo.ac.jp, shinichi@sci-kagoshima-u.ac.jp, mshinichi0@gmail.com
